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Quasihydrodynamics of nanofluid mixtures
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~Received 19 May 1997!

The functional perturbation theory method developed earlier@L. A. Pozhar and K. E. Gubbins, J. Chem.
Phys.94, 1367~1991!# and used for derivation of the transport theory of pure dense, strongly inhomogeneous
fluids @L. A. Pozhar and K. E. Gubbins, J. Chem. Phys.99, 8970~1993!# is exploited to develop the transport
theory for mixtures of dense, strongly inhomogeneous fluids. The generalized Enskog-like kinetic equations
have been solved using the 13-moment approximation method to obtain linearized quasihydrodynamic equa-
tions of first order in gradients of continuum variables and to derive explicit, tractable expressions for the
transport coefficients of such mixtures. The derived transport coefficients are expressed in terms of equilibrium
structure factors~the number density and the pair and direct correlation functions! of the corresponding
inhomogeneous fluid mixtures. Diffusion in such mixtures is considered in detail for several particular cases.
@S1063-651X~97!00610-7#
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a
s

ed
ns
ie
n
e
t
In
e
bl

re
u

te
eq
r

an
n

pa
e-
th
s
q

e
ic
p
a
um

ear
is

cs
n
m

on-
os-
to

of
the
h to

the
s of
ple,
ds

ed
ry

tion
n

ese
nts,
tri-
c to
of
of
e-

i-
the

um
es-

a
Le
I. INTRODUCTION

The properties of strongly inhomogeneous fluids, such
those at interfaces and confined in narrow capillary pore
widths less than about 10 nm~called here nanofluids!, show
a rich variety of behavior, including enhanced or inhibit
viscosity and diffusion rates, new and modified phase tra
tions, and highly selective adsorption. Experimental stud
designed to investigate properties of such fluids experie
difficulties due to the complicated structure of the confin
systems and interfaces, the many variables involved, and
sensitivity of the properties to experimental conditions.
the few cases when reliable experimental data have b
obtained, their analysis is complicated by a lack of a relia
theoretical description of the properties of such systems.

Over the past decade there has been significant prog
in understanding equilibrium properties of inhomogeneo
fluids, though some wide areas are still to be investiga
Much less progress has been achieved in the case of non
librium properties of these fluids. Such knowledge is ve
important for both basic and applied research since m
industrial processes are known to be limited by diffusio
selectivity, and/or flow considerations. In several recent
pers@1–3# and a monograph@4# we have addressed the d
velopment of rigorous statistical mechanical methods for
description of nonequilibrium properties of nanofluids. The
methods generalize existing rigorous approaches in none
librium statistical mechanics of uniform systems~see Ref.
@5# and references therein! and qualitative concepts@6# in
statistical mechanics of confined fluids. They also sugg
new developments in nonequilibrium statistical mechan
in particular that of nanofluids. The major thrust of our a
proach is to generalize rigorous statistical mechanical
proaches developed for the description of nonequilibri
processes in uniform~or bulk! fluids to include nonequilib-
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rium phenomena in nanofluids@1,2,4# and their mixtures.
Recent comparisons of theoretical predictions for the sh
viscosity of nanofluids, obtained in the framework of th
approach, with nonequilibrium molecular-dynami
~NEMD! simulation data@3# show that such a generalizatio
leads to further insights into the nature of nonequilibriu
processes in nanofluids. In particular, the theory@2,4# cor-
rectly predicts the increase in the shear viscosity due to c
finement and the oscillating nature of the local shear visc
ity of nanofluids. The theoretical results have been shown
agree within 1–5% with the NEMD data@3# on the shear
viscosity of a nanofluid confined in a narrow slit pore
about five molecular diameters in width. This success of
theory has encouraged us to further develop the approac
include mixtures of nanofluids.

In this paper we present such a generalization of
above theory and describe transport processes in mixture
dense, strongly inhomogeneous fluids composed of sim
structureless molecules. To do this we follow the metho
developed and used in our previous works@2,4#. We start
from the system of Enskog-like kinetic equations deriv
earlier @1# on the basis of functional perturbation theo
~FPT!, and use the 13-moment approximation~Grad!
method, generalized by Sung and Dahler@5#, to obtain the
corresponding system of nonlocal moment equations~Sec.
II ! for the quasicontinuum variables, defined as expecta
values of the first 13 moments of the velocity distributio
functions of the components of the nanofluid mixtures. Th
definitions reflect those of the densities of the compone
their hydrodynamic velocities, temperatures, kinetic con
butions to the pressure tensor, and the energy flux specifi
uniform fluid mixtures. However, the physical meaning
our quasicontinuum quantities may not coincide with that
the continuum characteristics of uniform fluid mixtures b
cause we are concerned with fluid systems of a finite~some-
times very small! number of molecules. Rather, our quas
continuum quantities are essentially expectation values of
corresponding velocity moments.

In Sec. III the system of equations for the quasicontinu
variables is reduced to obtain the linearized, Navier-Stok
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-

5367 © 1997 The American Physical Society



nt
m
o
ch
gr
nd
u

to

ex
iv
x-
es
ili
e

f
d’’

a
re
ec
r
c
o

ds
pe

of
s

er
si
r

ui

ng
ith
f

in
dl

se
al
e
th
e

easily
mix-
s to

r-
with

-
c-
ls.
ave

n
lar
he
be

era-
e

net
rgy
ect
x-
In
the

dis-
the
uid

s

-

a-
ly;

x-
a-

5368 56LIUDMILA A. POZHAR AND KEITH E. GUBBINS
like, quasihydrodynamic equations of first order in gradie
of the quasicontinuum variables. These quasihydrodyna
equations are derived in terms of deviations of the quasic
tinuum variables from their equilibrium values. Though su
nonequilibrium values are characterized by large spatial
dients, recent NEMD simulation data and experimental fi
ings show that their deviations from the corresponding eq
librium values are small, provided that the system is not
far from its equilibrium state~see references in Ref.@4#,
Chap. 1!. In deriving these equations, we also recover
plicit expressions for the viscosities and thermal conduct
ties of the nanofluid mixtures. The derivation of explicit e
pressions for the diffusion coefficients for such mixtur
includes usage of an appropriate expression for the equ
rium pressure of nanofluid mixtures and is discussed in S
IV. As for a pure nanofluid@2,4#, the transport coefficients o
a nanofluid mixture emerge in terms of the ‘‘smoothe
structure factors of the corresponding nanofluid mixture
equilibrium. The smoothing procedures enter these exp
sions automatically as a consequence of having intermol
lar interaction potentials that are the sum of short-range
pulsive and long-range attractive contributions. We pla
some emphasis on the diffusion coefficients here, in view
their prime importance for applications involving nanoflui
in pores. Section V contains closing remarks, and the Ap
dixes supply details of the theory.

II. FPT KINETIC EQUATIONS, THE 13-MOMENT
APPROXIMATION METHOD, AND NONLOCAL MOMENT

EQUATIONS FOR MIXTURES OF NANOFLUIDS

A. FPT kinetic equations

Inhomogeneity of a fluid or a fluid mixture composed
simple, structureless molecules can be considered to re
from a continuous external potential field, and in a gen
case this may be written as a sum of short-range repul
and long-range attractive contributions. The short-range
pulsive part describes hard-core-like interactions of the fl
molecules with molecules forming walls~if any!. The long-
range attractive contribution are caused by both the lo
range intermolecular interactions of the fluid molecules w
the molecules of the walls and an external potential field o
general nature. A similar representation of the fluid-fluid
teractions can be made by means of the Weeks-Chan
Andersen@7# or Barker-Henderson@8# methods. In what fol-
lows we consider an inhomogeneous fluid mixture compo
of N components, in which molecules interact with the w
molecules and with each other by virtue of the above pot
tials. To simplify the expressions, the molecules forming
confinement~walls! are considered to be simple, structur
s
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less, and all of the same species. These expressions are
generalized to cases where the walls are composed of a
ture of species by adding a summation over wall specie
terms involving the fluid-wall pair correlation functiongiw .
The repulsive contributions to all of the potentials of inte
molecular interaction are assumed to be hard-core ones,
effective diameterss i j specific to interactions of thei th spe-
cies molecules with those of thej th species, and with effec
tive diameterss iw corresponding to the repulsive intera
tions of the i th species molecules with those of the wal
The attractive parts of the potentials are expected to beh
as r 2n, n.2, at r→`, where r is the distance betwee
interacting molecules. Also, the potentials of intermolecu
interaction are expected to be central and pairwise. T
walls, which are of arbitrary geometry, are supposed to
impenetrable to fluid molecules and thermostated at temp
ture T; the wall molecules are fixed in their positions in th
walls. Since the wall molecules are fixed, there will be a
momentum production in the system, but no kinetic-ene
production. Such a momentum production should not aff
local values of the kinetic coefficients of the nanofluid mi
ture, except those in the immediate vicinity of the walls.
addition, we assume that there is no chemical reaction in
system.

Neglecting delayed response of the system to thermal
turbances, and being close to the equilibrium state of
system, the kinetic stage of evolution of the above nanofl
mixture is described by the kinetic equations~4.36! of Ref.
@1# @see also the kinetic equations~82! of Chap. 3, Ref.@4##
with respect to thedFi(q,v;t), which denote the deviation
of the velocity distribution functions~where the indexi
specifies a component of the mixture! from their equilibrium
valuesF i(v)5(bmi /2p)3/2exp(2bmiuvu2/2), i.e., the corre-
sponding Maxwell-Boltzmann velocity distribution func
tions. Heremi is the mass of a molecule of thei th species;
the vectorsq andv denote the Cartesian three-vector of sp
tial coordinates and the velocity of a molecule, respective
uvu means the absolute value of the vectorv; b51/kBT,
whereT is the equilibrium temperature of the nanofluid mi
ture andkB is the Boltzmann constant. These kinetic equ
tions can be transformed to the form

]

]t
dFi~q,v;t !1v•

]

]q
dFi~q,v;t !

5(
l 51

N E E dq8dv8G i l ~q,v;q8,v8!dFl~q8,v8;t !,

~2.1!

where
G i l ~q,v;q8,v8!5d i l (
j 51

N

s i j
2 E E E dŝ dvidvjF j~vj !uvj i •ŝuu~vj i •ŝ!$d~v2vi* !nj~q2s i j ŝ!gi j ~q,q2s i j ŝ!

2d~v2vi !nj~q1s i j ŝ!gi j ~q,q1s i j ŝ!%d~v82vi !d~q82q!1s i l
2E E E dŝ dvidvl uvl i •ŝuu~vl i •ŝ!F i~vi !

3$d~v2vi* !ni~q82s i l ŝ!gil ~q82s i l ŝ,q8!d~q2q81s i l ŝ!2d~v2vi !ni~q81s i l ŝ!gil ~q81s i l ŝ,q8!
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3d~q2q82s i l ŝ!%d~v82vl !1d i l s iw
2 E E dŝ dviUvi•ŝUu~2vi•ŝ!$d~v2vi* !nw~q2s iwŝ!

3giw~q,q2s iwŝ!2d~v2vi !nw~q1s iwŝ!giw~q,q1s iwŝ!%d~v82vi !d~q82q!

1ni~q!F i~v!v•H ]Cil ~q,q8!

]q
2gil ~q,q8!

] f H~ uq2q8u!
]~q2q8! J

1
]ni~q!

]q
•vF i~v!H 11Cil ~q,q8!2 (

k51

N E dq9nk~q9!Ckl~q9,q8!J . ~2.2!
-
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In the above expressions]/]t and]/]q denote the time de
rivative and spacial gradient, the centered dot means the
ner product;q8,q9 and v8,v9,vi ,vl are dummy variables o
integration over the domains of the molecular coordina
and velocities;ni(q) is the equilibrium number density of th
i th species;gik(q,q6s ikŝ) andgiw(q,q6s iwŝ) denote the
contact values of the equilibrium pair-correlation functio
specific to thei th andkth component interactions, and thei th
component and wall molecules interactions, respectiv
Cik(q,q8) is the equilibrium direct correlation function spe
cific to the i th andkth species;d i l stands for Kronecker’s
delta; s ik and s iw are the effective diameters of the har
core interactions specific toi th andkth species, and thei th
species and the wall molecules, respectively;i, j , andk are
the unit vectors of thex, y, and z directions, respectively
ŝ5sxi1syj1szk; usu251 is the unit vector;d(q2q8),
d(v2v8), etc., are Dirac delta functions;vi* 5vi2(vj i

•q̂j i )q̂j i represents postcollisional velocity of thei th mol-
ecule, withvj i 5vj2vi , q̂j i being the unit vector in the di
rection from the center of mass of thej th molecule to the
center of mass of thei th molecule; f H(q,q8)5exp
@2bfH(q,q8)#215u(uq2q8u2s)21 is the Mayer func-
tion of the fluid-fluid molecule hard-core interactions;u(uq
2q8u2s) denotes the Heaviside step function. The summ
tion on the right-hand side of Eq.~2.1! runs over all of the
components of the nanofluid mixture and*dŝ means inte-
gration over the surface of the sphere of the unit radius.

The kinetic equations~2.1! have been derived in th
framework of the FPT approach@1# and are rigorous gener
alizations of the kinetic equations obtained for uniform flu
mixtures in Ref.@5# to nanofluid mixtures. The kinetic equa
tions of Ref.@5# in turn rigorously generalize to dense fluid
the Enskog-like kinetic equations describing uniform flui
of low density ~see references in Refs.@1# and @5#!. This
family of kinetic equations may be called Enskog-like k
netic equations since they are linearized, rigorous gene
zations of the heuristic kinetic equation for dense gases o
nally suggested by Enskog@9#. Due to the representation o
the potentials of intermolecular interactions in terms of
short-range, hard-core, and long-range soft contributi
~which was suggested by Sung and Dahler@5# for uniform
fluids and used by the authors of this paper in Refs.@1,4#!,
the ‘‘collision integrals’’ on the right-hand side of Eq.~2.1!
include the potentials of intermolecular interaction implicit
through theequilibrium structure factors of the nanoflui
mixture.
in-

s
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B. Velocity distribution functions in terms of their moments

The velocity distribution functions of Eq.~2.1! may be
written in terms of their velocity moments, in which case E
~2.1! gives rise to an infinite system of nonlocal mome
equations. For this purpose we make use of the general
Hermite polynomials@10#, defined by the expressions

c l
~ i !~v!5C l

~ i !~j![F i
21~j!~ l 1! l 2! l 3! !21/2

3S 2
]

]j1
D l 1S 2

]

]j2
D l 2S 2

]

]j3
D l 3

F i~j!

~2.3!

for each of l 5( l 1 ,l 2 ,l 3) and each of the Maxwell-
Boltzmann distributionsF i(v) expressed in terms of the d
mensionless velocityj5(mib)1/2v[j1i1j2j1j3k, so that
F i(j)5(2p)23/2exp(2j2/2), where j25uju2 and l 1 ,l 2 ,l 3
51,2,3, . . . . Also, for each of theF i(j) the polynomials
~2.3! form the basis vector setMi satisfying the orthogonal-
ity and completeness conditions

E dj F i~j!C l
~ i !~j!ck

~ i !~j!5d lk ,

(
l 51

`

F i~j!C l
~ i !~j!C l

~ i !~j8!5d~j2j8!, ~2.4!

whereC l
( i )(j) andCk

( i )(j)PMi .
The polynomials~2.3! can be considered as thej repre-

sentatives of some abstract bra^ l i u and ketu l i& vectors

C l
~ i !~j!5^ l i uj&[^ l 1

i l 2
i l 3

i uj&,
~2.5!

F i~j!C l
~ i !~j!5^ju l i&[^ju l 1

i l 2
i l 3

i &,

in which case the conditions~2.4! take the form ^ l i uki&
5d lk and( l u l i&^ l i u51.

For eachdFi(q,v;t) Eq. ~2.1! can be spanned by the vec
tors of the basis set̂ki u to read

K kiU ]

]t
dFi L 1 K kiUv•

]

]q
dFi L

5(
l

N

(
m

` E dq8^ki uG i l uml&^ml udFl&, ~2.6!
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where the ‘‘projections’’̂ ki udFi& of dFi(q,v;t) on its basis
set vectorŝ ki u are velocity moments ofdFi(q,v;t),

^ki udFi&5E dv8ck
~ i !~v8!dFi~q,v8;t !, ~2.7!

and

K kiUv•

]

]q
dFi L 5E dv ck

~ i !~v!v•

]

]q
dFi~q,v;t !,

~2.8!

^ki uG i l uml&5E dv dv8ck
~ i !~v!G i l ~q,v;q8,v8!

3F l~v8!cm
~ l !~v8!. ~2.9!

The basis set of̂ l i u, or ^ki u, vectors consists of infinitely
many vectors, which correspond to infinitely many veloc
moments of the distribution function and consequently
infinitely many equations in the equation set~2.6!. Since one
cannot solve the entire set of equations~2.6!, this set should
be truncated by choosing an appropriate finite number
moments, which still have to supply a reasonably deta
description of transport processes in the nanofluid mixtu
The simplest set of moments that satisfy this requiremen
that supplied by the first 13 velocity moments ofdFi(q,v;t)
@9,2#. The corresponding truncation of the system~2.6! is
called the 13-moment approximation. In this approximat
the basis set of vectorŝki uv& is limited to the elements

^ni uv&[cn
~ i !~v!51, ~2.10!

^ui uv&[~mib!1/2cu
~ i !~v!5~mib!1/2v, ~2.11!

^T̂i uv&[~ 2
3 !1/2bcT

~ i !~v!5~ 2
3 !1/2S bmiv

2

2
2

3

2D , v5uvu2

~2.12!

^P̂i
0uv&[221/2bcP

~ i !~v!5221/2bmi@vv2 1
3 v2I #,

~2.13!

^Q̂i uv&[~ 2
5 !1/2~mib

3!1/2cQ
~ i !~v!

5~ 2
5 !1/2~mib!1/2Fbmiv

2

2
2

5

2Gv, ~2.14!

where

cn
~ i !~v!51, cu

~ i !~v!5v,

cT
~ i !~v!5

miv
2

2
2

3

2b
5

1

b S bmiv
2

2
2

3

2D ,

cP
~ i !~v!5mi@vv2 1

3 v2I #,

cQ
~ i !~v!5S miv

2

2
2

5

2b D v5
1

b S bmiv
2

2
2

5

2D v.
o

f
d
e.
is

n

The above basis set vectors are labeled with the quasi
tinuum variablesdni(q,t), ui(q,t), dTi(q,t), P̂i

0(q,t), and
Qi(q,t), which correspond to the expectation values of t
vectors of the basis set and stand for the deviations of
quasicontinuum number density, quasihydrodynamic vel
ity, and temperature of thei th component of the mixture
from their equilibrium values and for the kinetic contribu
tions to the pressure tensor and the energy flux of the mix
due to itsi th component, respectively; the notationI means
the unit matrix. The above quasicontinuum variables are
fined as

dni~q,t ![E dv cn
~ i !~v!dFi~q,v;t !,

~2.15a!

r i~q!ui~q,t ![E dv micu
~ i !~v!dFi~q,v;t !;

3
2 kBni~q!dTi~q,t ![E dv cT

~ i !~v!dFi~q,v;t !,
~2.15b!

P̂i
0~q,t ![E dv cP

~ i !~v!dFi~q,v;t !;

Qi~q,t ![(
i 51

N E dv cQ
~ i !~v!dFi~q,v;t !. ~2.15c!

The corresponding quasicontinuum quantities for the na
fluid mixture are

dn~q,t !5(
i 51

N

dni~q,t !,

~2.16a!

r~q!u~q,t !5(
i 51

N

mini~q!ui~q,t !;

3
2 kBn~q!dT~q,t !5(

i 51

N
3
2 kBni~q!dTi~q,t !,

~2.16b!

P̂0~q,t !5(
i 51

N

P̂i
0~q,t !;

Q~q,t !5(
i 51

N

Qi~q,t !, ~2.16c!

wherer(q)5( i 51
N mini(q)[( i 51

N r i(q) stands for theequi-
librium mass density of the nanofluid mixture. The 1
moment approximation for the distributionsdFi(q8,v8;t)
reads
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dFi~q8,v8;t !5^v8udFi&

5 (
ki51

Mi

^v8uki&^ki udFi&

5F i~v8!@cn
~ i !~v8!dni~q8,t !

1cu
~ i !~v8!•br i~q8!ui~q8,t !

1cT
~ i !~v8!b2kBni~q8!dTi~q8,t !

1cP
~ i !~v8!: 1

2 b2P̂i
0~q8,t !

1cQ
~ i !~v8!• 2

5 mib
3Qi~q8,t !. ~2.17!

C. The 13-moment equations for the quasicontinuum variables

Using Eq. ~2.17!, calculating integrals~2.7!–~2.9!, and
substituting the results in Eq.~2.6!, one can recover nonloca
moment equations of the 13-moment approximation. T
simplest of them is the continuity equation for the deviati
dni(q,v) of the i th component number density from i
equilibrium value
e

]

]t
dni~q,t !1

]

]q
•@ni~q!ui~q,t !#

5ni~q!(
k51

N

s ik
2 E dŝ nk~q2s ikŝ!gik~q,q2s ikŝ!

3ŝ•@uk~q,t !2ui~q,t !#1ni~q!(
k51

N

s ik
2 E dŝ

3nk~q2s ikŝ!gik~q,q2s ikŝ!ŝ•@uk~q2s ikŝ,t !

2uk~q,t !#1ni~q!s iw
2 E dŝ nw~q2s iwŝ!

3giw~q,q2s iwŝ!ŝ•ui~q,t !. ~2.18!

The evolution equation for the deviationr i(q)ui(q,v) of the
momentum of thei th component of the nanofluid mixtur
from the corresponding equilibrium value is
]

]t
@r i~q!ui~q,t !#1

]

]q
•@P̂i

0~q,t !1kBni~q!dTi~q,t !I #1
1

b

]

]q
dni~q,t !

5
1

b
ni~q!(

k51

N E dq8
]Cik~q,q8!

]q
dnk~q8,t !2

1

b
ni~q!(

k51

N

2bik
Hgik~q,q2s ikŝ!dnk~q2s ikŝ,t !1

1

b

]ni~q!

]q

3 (
k51

N E dq8F11Cik~q,q8!2(
l 51

N E dq9nl~q9!Clk~q9,q8!Gdnk~q8,t !14A mi

2pb
ni~q!(

k51

N s ik
2 Amk /mi

A11mk /mi

3E dŝ nk~q2s ikŝ!gik~q,q2s ikŝ!ŝŝ•@uk~q,t !2ui~q,t !#

14A mi

2pb
ni~q!(

k51

N s ik
2 Amk /mi

A11mk /mi
E dŝ nk~q2s ikŝ!gik~q,q2s ikŝ!ŝŝ•@uk~q2s ikŝ,t !2uk~q,t !#

14A mi

2pb
ni~q!s iw

2 E dŝ nw~q2s iwŝ!giw~q,q2s iwŝ!ŝŝ•ui~q,t !

1kBni~q!(
k51

N s ik
2

11mk /mi
E dŝ nk~q2s ikŝ!gik~q,q2s ikŝ!ŝ@dTk~q,t !2dTi~q,t !#

1kBni~q!(
k51

N s ik
2

11mk /mi
E dŝ nk~q2s ikŝ!gik~q,q2s ikŝ!ŝ@dTk~q2s ikŝ,t !2dTk~q,t !#

2
1

2 (
k51

N

s ik
2 E dŝ nk~q2s ikŝ!gik~q,q2s ikŝ!I p :P̂i

0~q,t !

1 (
k51

N s ik
2

11mk /mi
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E dŝ gik~q,q2s ikŝ!@ŝŝ2 2
3 I #•@ni~q!Qk~q,t !2nk~q2s ikŝ!Qi~q,t !#1
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whereinI p5 ii ŝ1 jj ŝ1 iŝi1 j ŝj , bik5 2
3 ps ik

3 , i ,k51, . . . ,N, and quantitiesŝŝ, ŝŝŝ, etc., are tensors composed of the u
vector ŝ. The energy evolution of thei th component of the nanofluid mixture is described by the equation
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1kBTni~q!(
k51

N
~mk /mi !s ik

2

11~mk /mi !
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where we have introduced the notationl i[75kB/64s i i
2Apbmi . The evolution equation for the kinetic contributionP̂i

0(q,v) to
the pressure tensor due to thei th component of the mixture reads

b
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5 bŜiQ~q,t !

52ni~q!(
k51

N
~mk /mi !s ik

2

11mk /mi
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where we introduced tensors

Ŝinu~q,t !5
1

2 H F]@ni~q!ui~q,t !#

]q
1S ]@ni~q!ui~q,t !#

]q D †G2
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3
I F ]
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ŜiQ~q,t !5
1

2 H F]Qi~q,t !

]q
1S ]Qi~q,t !

]q D †G2
2

3
I F ]

]q
•Qi~q,t !G J , ~2.23!

and the dagger denotes tensorial transposition. At constantni(q) the second-rank Cartesian tensorŜinu(q,t) reduces to
niŜiu(q,t), whereŜiu(q,t) is the contribution to the ‘‘shear rate’’ tensorŜu(q,t) of the system due to thei th component of the
mixture. The second-rank Cartesian tensorŜiQ(q,t) reflects the idea ofŜiu(q,t) in the case of the energy flux. The ‘‘shea
rate’’ tensors~2.22! and ~2.23! can also be represented in the form

Ŝinu~q,t !5 1
2 F2I41I d2

5

3
II G : ]@ni~q!ui~q,t !#

]q
, ŜiQ~q,t !5 1

2 @2I41I d2 5
3 II #:

]Qi~q,t !

]q
,

which is more convenient technically. The only nonzero components of the above fourth-rank Cartesian tensorI4 are iiii , jjjj ,
andkkkk . The fourth-rank Cartesian tensorI d has 21 nonzero components

iiii , iijj , iikk , ijij , ijji , ikik , ikki ,
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jiij , jiji , jjii , jjjj , jjkk , jkjk , jkkj ,

kiik , kiki , kjjk , kjkj , kkii ,kkjj , kkkk ,

and the fourth-rank Cartesian tensorII is the tensorial product of the unit matrices. The above tensors satisfy cond
I d•I5II and I4•I5I4 .

The evolution of the kinetic contributionQi(q,v) to the energy flux due to thei th component of the nanofluid mixture i
described by the equation
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D 2GŝŝJ •Qi~q,t !

1
13

5
A 2

pbmi
s iw

2 E dŝnw~q2s iwŝ!giw~q,q2s iwŝ!@ŝŝ2 2
3 I #•Qi~q,t !. ~2.24!
b

-
d
i

e
u

an
t
n
te

ilib
t

b-
ns

t
ls
u

er

n
-
ib

fa
ed
h

s.
es

ti-
s;

lib-
dif-
ned
med

on-

a-
ial

n-

he
kes

s
he

tial

or

e
on-
ties
do

ar
r-
The coupled integro-differential equations~2.18!–~2.21!
and ~2.24! form a closed system of equations that can
reduced further to obtain a ‘‘quasihydrodynamic’’~or
‘‘quasimacroscopic’’! description of evolution of the nano
fluid mixture ~Sec. III!. Also, this system itself can be use
to obtain a detailed description of the quasihydrodynam
velocity and temperature fields. In this way, Eqs.~2.18!–
~2.21! and ~2.24! can be solved numerically, which may b
easier than solving the resulting quasihydrodynamic eq
tions. This can be seen from the structure of the right-h
sides of these equations, which do not contain any spa
derivatives of the quasicontinuum variables. The coefficie
coming with the quasicontinuum variables can be calcula
numerically, provided the dimensionless data on the equ
rium values of the number densities and contact values of
pair correlation functions are known from theory, equili
rium NEMD simulations, or experiment. Such calculatio
would embrace classes of nanofluid mixtures~say, Lennard-
Jones ones! for each given geometry of the confinemen
However, some extra care is needed to calculate integra
combinations of the quasicontinuum variables with the eq
librium structure factors over the surface of the unit sph
*dŝ. Equations~2.18!–~2.21! and~2.24! generalize to inho-
mogeneous fluid mixtures Eqs.~A1!–~A5! of Ref. @2# de-
rived for a pure inhomogeneous fluid.

III. LINEARIZED NAVIER-STOKES EQUATIONS FOR
NANOFLUID MIXTURES

A. Kinetic contributions to the pressure tensor
and energy flux

The right-hand sides of the integro-differential equatio
~2.18!–~2.21! and ~2.24! include deviations in nonequilib
rium values of the quasicontinuum variables from equil
rium, assigned both to spatial pointsq and to theirs ik neigh-
borhoods. It has already been noted~see also@11#! that if a
nanofluid mixture is in a nonequilibrium state that is not
from equilibrium, such deviations are small for real confin
fluid systems, even at high pressures and temperatures. T
in thes ik vicinity of q the quasicontinuum variables of Eq
~2.18!–~2.21! and ~2.24! can be expanded in a Taylor seri
e

c
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A i~q2s ikŝ,t !5A i~q,t !2s ikŝ•

]

]q
A i~q,t !

1
1

2
s ik

2 ŝŝ :
]2

]q]q
A i~q,t !1••• ,

where theA i(q,t) are defined by Eqs.~2.15a!–~2.15c!. For
example, by their definitions, the variablesA i(q,t) do not
includethe nonequilibrium number densitiesni(q,t) or tem-
peraturesTi(q,t), nor the differences between these quan
ties and their equilibrium values specific to uniform fluid
instead, they include the differencesdni(q,t) and dTi(q,t)
in these quantities between the nonequilibrium and equi
rium systems, both of which are inhomogeneous. Such
ferences are not large, even near walls in the case of confi
systems, because the departure from equilibrium is assu
to be small.

Using the above Taylor expansions for the quasic
tinuum variables~2.15a!–~2.15c! in Eqs. ~2.18!–~2.21! and
~2.24!, one can recover the differential form of these equ
tions. Further Fourier transformation of those different
equations with respect to the time variablet supplies differ-
ential equations for Fourier transforms of the quasico
tinuum variables~2.15a!–~2.15c!. The next step in reduction
of the differential equations for the Fourier transforms of t
quasicontinuum variables to the linearized Navier-Sto
form includes recovering the kinetic contributionsP̂i

0(q,v)
andQ i~q,v! from their corresponding differential equation
~herev stands for the frequency, which substitutes for t
time variable t in the Fourier-transformed equations! and
substitution of the values so obtained into the differen
equations for the Fourier transformsdni(q,v), ui(q,v), and
dTi(q,v) of the rest of the quasicontinuum variables. F
this purpose the differential equations forP̂i

0(q,v) and
Q i~q,v! should be simplified. Such a simplification may b
performed upon consideration that the deviations of the n
equilibrium temperatures and quasihydrodynamic veloci
of the mixture components from their equilibrium values
not vary appreciably in mean free paths~which are propor-
tional to thes ik!, because the nanofluid mixture is not f
from equilibrium. This validates the neglect of terms propo
tional to the second spatial gradients ofP̂i

0(q,v) and
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Qi(q,v) and terms withŜiQ(q,v) in the differential equa-
tions for these kinetic contributions, and indicates the sm
ness of the first spatial gradients ofP̂i

0(q,v) and Qi(q,v).
Moreover, sinceusxu, usyu, anduszu<1, the conditions~3.1!
and ~3.2! of Ref. @2# hold for any integrable, positively de
fined functionf (q2s ikŝ):

~3.1!

wherea,b,g,r5x,y,z andm signifies a number ofŝ com-
ponentssa•••sg . The first spatial gradients ofP̂i

0(q,v) and
Qi(q,v) ~which are small themselves! come into the differ-
ential equations forP̂i

0(q,v) and Qi(q,v) with multipliers
that are proportional to the integrals of odd sets ofŝ over the
domain ofŝ. Using the approximation

E dŝ f ~q2s ikŝ!ŝ•••ŝ

>
1

4p E dŝ f ~q2s ikŝ!E dŝ ŝ•••ŝ ~3.2!

and the first condition of Eqs.~3.1!, one can prove that the
multipliers of the first spatial gradients ofP̂i

0(q,v) and
Qi(q,v) in the differential equations for these kinetic cont
butions tend to zero, so such terms should be neglected.
remaining coupling terms in these equations can be e
mated upon usage of the above conditions~3.1! and the ap-
proximation~3.2!. The solutions of the differential equation
for the Fourier transforms of the kinetic contributions in
the pressure tensor and the energy flux due to thei th com-
ponent of the mixture are
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In the above equations the quantities

P̂~ i !~q,v!,Q̂~ i !~q,v!, andĈP
~ i !~q,v!

are coefficients that depend upon various smoothed~i.e., in-
tegrated over the domain ofŝ! values of the equilibrium
structure functions ni(q) and gik(q,q2s ikŝ) of the nanof-
luid mixture; the corresponding explicit expressions for the
quantities are given in Appendix A. The notations•, :, and•:
refer to tensorial convolutions; the tensorŜu¹n

( i ) (q,v) is de-
fined as

Ŝu¹n
~ i ! ~q!5 1

2 @2I41I d2 5
3 II #:ui~q,v!

]ni~q!

]q
.
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The contributions to the shear viscosity tensor due to
kinetic contribution of thei th component of the mixture to
the pressure tensor are

ĥik
~2!~q,v!54ph ini~q!t ih* ~q,v!H d ik

1
2 @2I41I d2 5

3 II #

1
3bikmk /mi

2p@11mk /mi #
E dŝ nk~q2s ikŝ!gik~q,q

2s ikŝ!@ŝŝ2 1
3 I #ŝŝ

1
3bik&

8p@11mk /mi #
3/2 t il* ~q,v!

3ĈQ
~ i !~q,v!•E dŝ nk~q2s ikŝ!

3gik~q,q2s ikŝ!@ŝŝ2 2
3 I #ŝJ . ~3.5!

The explicit expressions for the quantitiesĈQ
( i )(q,v) are

listed in Appendix A.
The contributions to the thermal conductivity tensor d

to the kinetic contribution of thei th component of the mix-
ture into the energy flux read

l̂ik
~2!~q,v!54pl it il* ~q,v!ni~q!H d ikI1

9bikmk /mi

5p@11mk /mi #
2

3E dŝ nk~q2s ikŝ!gik~q,q2s ikŝ!ŝŝ

1
1

4
t ik* ~q,v!ĈP

~ i !~q!:P̂¹Tk
~ i ! ~q,v!J . ~3.6!

The relaxation times of molecular ‘‘friction’’ processes~or
the viscorelaxation times! are given by

t ih* ~q,v!5
t ih~q!

@12 ivt ih~q!#
, ~3.7!

where in the denominatori 5A21 and other notations in
clude

t ih
21~q![(

k51

N 2s ik
2 Amk /mi

&s i i
2A11mk /mi

E dŝ nk~q2s ikŝ!gik~q,q

2s ikŝ!1
1

3 E dŝ gii ~q,q2s i i ŝ!@ni~q2s i i ŝ!

2ni~q!#1
&s iw

2

s i i
2 E dŝ nw~q2s iwŝ!giw~q,q

2s iwŝ!;

@t ih#0
21[

16s i i
2

5
A p

bmi
, h i[

5

16s i i
2 Ami

pb
,

t ih~q![
5Apbmi

4s i i
2 t ih~q!.
eWe note that@t ih#0
21h i51/b. Thermal processes are cha

acterized by the relaxation times

t il* ~q,v!5
t il~q!

12 ivt il~q!
, ~3.8!

where

t il
21~q![(

k51

N
3&

8 S s ik

s i i
D 2H 4

@11mk /mi #
3/2

1
Amk /mi

3@11mk /mi #
5/2 F18223

mk

mi

113S mk

mi
D 2G J E dŝ nk~q2s ikŝ!gik~q,q2s ikŝ!

1 27
32 E dŝ gii ~q,q2s i i ŝ!@ni~q!2ni~q2s i i ŝ!#

1
13&

8 S s iw

s i i
D 2E dŝ nw~q2s iwŝ!giw~q,q

2s iwŝ!;

@t il#0
21[

32s i i
2

15
A p

mib
, l i5

75kB

64s i i
2Apbmi

,

t il~q![
15Apbmi

8s i i
2 t il~q!,

and @t il#0
21l i55kB/2b imi .

Equations~3.3! and ~3.4! generalize to inhomogeneou
fluid mixtures expressions derived in Refs.@2# and @4# for
pure inhomogeneous fluids. They also contain terms prop
tional to the second spatial gradients of the deviations
nonequilibrium values of the quasihydrodynamic velocit
and temperatures of the mixture components from equi
rium, which have been neglected in the corresponding
pressions for pure inhomogeneous fluids.

Substituting the expressions~3.3! and ~3.4! into the dif-
ferential equations for the Fourier transformsdni(q,v),
dTi(q,v), and ui(q,v), one can recover for these Fourie
transforms a system of differential equations in partial d
rivatives that is a generalization of the conventional Navi
Stokes system of equations valid for uniform fluid mixtur
~see, e.g., Ref.@5#! to the nanofluid mixtures. Also, this sys
tem generalizes that of Ref.@2# derived for pure inhomoge
neous fluids.

B. Continuity equations

Fourier transformation of the continuity equations for t
components of the nanofluid mixture leads to the equatio

2 ivdni~q,v!1
]

]q
•Ni~q,v!5 (

k51

N

NR
~ ik !~q!•uk~q,v!,

~3.9!

where the fluxNi(q,v) of the i th species particle numbe
and the Cartesian three-vectorsNR

( ik)(q), which are included
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in ‘‘thermodynamic sources’’ on the right-hand side of E
~3.9!, are given by the expressions

Ni~q,v!5 (
k51

N FNi1
k ~q!•uk~q,v!2

1

2
s ik

4

3F13
~ ik !~q!:

]uk~q,v!

]q G ,
Ni1

k ~q!5d ikni~q!I1s ik
3 F12

~ ik !~q!1
1

2
s ik

4 ]

]q
•F13

~ ik !~q!,

NR
~ ik !~q!52d ik(

l 51

N

s i l
2 F01

~ i l !~q!1s ik
2 F01

~ ik !~q!

1s ik
3 ]

]q
•F12

~ ik !~q!1
1

2
s ik

4 ]2

]q]q
:F13

~ ik !~q!

1d iks iw
2 F01

~ iw !~q!. ~3.10!

In the above expressions the Cartesian tensorsF( ik)(q) have
resulted from smoothing of the values of equilibrium stru
ture factors of the nanofluid mixture~i.e., integration of the
structure factors over the domain ofŝ! and are inherited
from the integro-differential equations~2.18!–~2.21! and
~2.24!. The explicit expressions for these quantities in ter
of the structure factors of the nanofluid mixture are given
Appendix B.

C. Momentum conservation equations and tensorial viscosities

Conservation of the momentum specific to thei th compo-
nent of the nanofluid mixture is described by the equatio

2 ivmini~q!ui~q,v!1
]

]q
•Pi~q,v!

5 (
k51

N

$Ru
~ ik !~q,v!•uk~q,v!

1RS
~ ik !~q,v!:Ŝu¹n

~k! ~q,v!

1RT
~ ik !~q,v!dTk~q,v!%, ~3.11!

where the momentum fluxesPi(q,v) are defined as

Pi~q,v![ (
a51

9

Pia~q,v!,

Pi1~q,v!5
1

b
I H dni~q,v!

2ni~q,v!(
k51

N E dq8Cik~q,q8!dnk~q8,v!

2ni~q!(
k51

N E dq8F12(
l 51

N E dq9nl~q9!

3Clk~q9,q8!Gdnk~q8,v!J ,
.

-

s

Pi2~q,v!5 (
k51

N

Pi2
~k!~q,v!dTk~q,v!,

Pi3~q,v!5 (
k51

N

Pi3
~k!~q,v!•

]

]q
dTk~q,v!,

Pi4~q,v!5 (
k51

N

Pi4
~k!~q,v!:

]2

]q]q
dTk~q,v!,

Pi5~q,v!5 (
k51

N

Pi5
~k!~q,v!•uk~q,v!,

Pi6~q,v!5 (
k51

N

Pi6
~k!~q,v!:Ŝu¹n

~k! ~q,v!,

Pi7~q,v!5 (
k51

N

Pi7
~k!~q,v!•:

]2

]q]q
uk~q,v!,

Pi8~q,v!52 (
k51

N

Pi8
~k!~q,v!:

]

]q
uk~q,v!,

Pi9~q,v!5 (
k51

N

Pi9
~k!~q,v!•:

]

]q
Ŝu¹n

~k! ~q,v!. ~3.12!

The Cartesian tensors Pin
(k)(q,v), n

51, . . . ,9, from Eq. ~3.12! and the tensorial coefficient
R( ik)(q,v) on the right-hand side of Eq.~3.11! are compli-
cated combinations of tensorial quantities involving vario
tensorial functions of the smoothed structure factors of
mixture. Regarding Eq.~3.11!, our major concern is the Car
tesian tensors of the diffusion coefficients and viscositi
which are defined below in terms of the tensorsPi1

(k)(q,v),
Pi8

(k)(q,v), and Pi7
(k)(q,v), respectively. Thus we lis

these quantities here and leave the expressions for
remaining tensors Pin

(k)(q,v), n52, . . . ,6,9, and the
tensorsR( ik)(q,v) to Appendix C,

Pi7
~k!~q,v!5(

l 51

N H 4ph ls lk
4 nl~q!t lh* ~q,v!Fd ik1̂4

1
s i l

3

11ml /mi
F4

~ i l !~q!G :P̂Duk
~ l ! ~q,v!

1
s i l

4

11ml /mi
F05

~ i l !~q!:(ĥlk
~2!~q,v!:1̂6

2
2ps i l

4s lk
4

11ml /mi
F05

~ i l !~q!:(
]

]q

3@nl~q!t lh* ~q,v!P̂Duk
~ l ! ~q,v!#

1
6A2mk /mls i l

3h l

5@11ml /mi #
3/2 nl~q!t ll* ~q,v!

3J~ i l !~q!•Q̂Duk
~ l ! ~q,v!1

3A2mk /mls i l
4h l

5@11ml /mi #
3/2
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3t ll* ~q,v!J0
~ i l !~q!•(Q̂¹uk

~ l ! ~q,v!:1̂6

2
3A2mk /mls i l

4h l

5@11ml /mi #
3/2 J0

~ i l !~q!•(
]

]q

3@nl~q!t ll* ~q,v!Q̂Duk
~ l ! ~q,v!#J , ~3.13!

Pi8
~k!~q,v!5(

l
H 2Fd i l 1̂41

s i l
3

11ml /mi
F4

~ i l !~q!G :ĥlk
~2!~q,v!

1A2mk

pb

s ik
4

A11mk /mi

dklC0
~ ik !~q!

2
s i l

4

11ml /mi
F05

~ i l !~q!:(
]

]q
ĥlk

~2!~q,v!

1
4ps lk

2 s i l
4

11ml /mi
h lnl~q!t lh* ~q,v!F05

~ i l !~q!:(

3P̂uk
~ l !~q,v!•1̂41

6&s i l
3

5@11ml /mi #
3/2 h lt ll* ~q,v!

3J~ i l !~q!•Q̂¹uk
~ l ! ~q,v!2

3&s i l
4

5@11ml /mi #
3/2 h l

3J0
~ i l !~q!•(

]

]q
@t ll* ~q,v!Q̂¹uk

~ l ! ~q,v!#

1
12s lw

2 s i l
4

5@11ml /mi #
3/2 h lnl~q!t ll* ~q,v!

3J0
~ i l !~q!•(Q̂uk

~ l !~q,v!•1̂4

1
4ps i l

2s lk
4

11ml /mk
h l@t lh* ~q,v!nl~q!Âi l ~q!:

3P̂Duk
~ l ! ~q,v!#1

22ps iw
2 s ik

4 h iFni~q!t ih* ~q,v!Âi i
0 ~q,v!:

3P̂Duk
~ i ! ~q,v)#1dkl

1
3

5
Ami

ml
s i l

2h l@nl~q!t ll* ~q,v!B̂i l ~q!•

3Q̂¹uk
~ l ! ~q,v!#12

3

5
s iw

2 h i@ni~q!t il* ~q,v!

3B̂i i
0 ~q!•Q̂¹uk

~k! ~q,v!#1dklJ , ~3.14!

Pi9
~k!~q,v!5

4ps ik
4 hk

11mk /mi
tkh* ~q,v!F05

~ ik !~q!

1
3ps ik

4 hk

2&@11mk /mi #
3/2

tkh* ~q,v!tkl* ~q,v!

3J0
~ ik !~q!•(ĈP

~k!~q!:1̂6 . ~3.148!
In terms ofi th contributions to the shear rate and vortici
tensors@2,4#, the quasihydrodynamic velocity of thei th mix-
ture component can be written as

]ui~q,v!

]q
5Ŝiu~q,v!1Ŵ i~q,v!1

1

3
I

]

]q
•ui~q,v!,

~3.15!

where thei th contribution to the shear rate tensor is

Ŝiu~q,v!5
1

2 F S ]ui~q,v!

]q D1S ]ui~q,v!

]q D †G
2

1

3
I

]

]q
•ui~q,v! ~3.16!

and the corresponding contribution to the vorticity tens
reads

W iu~q,v!5
1

2 F S ]ui~q,v!

]q D2S ]ui~q,v!

]q D †G . ~3.17!

Expressing the first and second spatial gradients ofui(q,v)
and the tensorŜu¹n

(k) (q,v) in terms of the above shear ra
and vorticity tensors, one can rewrite the momentum con
vation equation~3.11! for the i th mixture component in the
form

2 ivmini~q!ui~q,v!1
]

]q
• (

a51

6

Pia~q,v!1Pi9~q,v!

5 (
k51

N

$Ru
~ ik !~q,v!•uk~q,v!1RS

~ ik !~q,v!:Ŝu¹n
~k! ~q,v!

1RT
~ ik !~q,v!dTk~q,v!%, ~3.18!

where the vectorPi9(q,v) is

Pi9~q,v!522(
k51

N

ĥik~q,v!:•
]

]q
Ŝku~q,v!

2 (
k51

N

Ŵik~q,v!:•
]

]q
Wku~q,v!

2 (
k51

N

K̂ik~q,v!•
]

]q S ]

]q
•uk~q,v! D

1 (
k51

N S ]

]q
•Pi8

~k!~q,v! D :
]uk~q,v!

]q

1
]

]q
•F (

k51

N

Pi9
~k!~q,v!:•

]

]qU
u

Ŝu¹n
~k! ~q,v!G

1 (
k51

N F ]

]q
•Pi9

~k!~q,v!G :• ]

]qU
¹n

Ŝu¹n
~k! ~q,v!.

~3.19!

In this expression notations]/]quu and]/]qu¹n mean differ-
entiation at constantui(q,v) and ¹n(q), respectively, and
the contributions to the viscosity tensors are as follows.
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‘‘Molecular friction’’ of the i th andkth component mol-
ecules is described by the fourth-rank Cartesian ten
ĥik(q,v), which is the tensorialik contribution to the shea
viscosity tensor of the mixture,

ĥik~q,v![
1

2 H Pi8
~k!~q,v!:(1̂62

]

]q
•Pi7

~k!~q,v!

2GS
~k!~q,v!:(1̂6J , ~3.20!

where the Cartesian tensorGS
(k)(q,v) is given in Appendix

E. The tensorialik contribution to the turbulent viscosit
tensor of the mixture is

Ŵik~q,v![H Pi8
~k!~q,v!:(1̂62

]

]q
•Pi7

~k!~q,v!

1GT
~k!~q,v!:(1̂6J , ~3.21!

with the Cartesian tensorGT
(k)(q,v) listed in Appendix E.

The bulk viscosity tensor of the mixture has theikth ten-
sorial contribution, the second-rank Cartesian tensor, defi
as

K̂ik~q,v![
1

3 H Pi8
~k!~q,v!:I2F ]

]q
•Pi7

~k!~q,v!G :I
2GB

~k!~q,v!J , ~3.22!

where the expression for the Cartesian tensorGB
(k)(q,v) can

be found in Appendix E.
The above contributions to the viscosity tensors of

nanofluid mixture are complicated tensorial combinations
quantities composed of smoothed values of the equilibr
structure factors of the mixture. These contributions
‘‘flow independent’’ because they do not depend on the p
ticular type of fluid flow. However, for different flow types
the role of different components of these tensors can v
dramatically~this depends on the interplay of components
the spatial gradients of the quasihydrodynamic veloc
which should be convoluted with the components of the v
cosity tensors!, so the gross result would look as if the vi
cosities of the fluid mixture are flow dependent. This feat
of the viscosity tensors is exactly the same as that for
viscosity tensors of a pure nanofluid and is discussed in R
@2–4# in great detail, including theoretical and numerical c
culations of the viscosities for several particular cases.

Comparing Eqs.~3.20! and ~3.21!, one can see that th
major contributions@the first two terms in Eq.~3.21!# to the
ik turbulent viscosity tensor is twice as large as that to theik
shear viscosity tensor. However, in the momentum conse
tion equation for thei th mixture component, Eq.~3.18! @see
also Eq.~3.19!#, theik shear viscosity tensor convolutes wi
the gradient of thek contribution to the shear rate tensor a
the ik turbulent viscosity tensor convolutes with the gradie
of thekth contribution to the vorticity tensor. The latter is th
antisymmetric component of the gradient of thei contribu-
tion to the quasihydrodynamic velocity, Eq.~3.17!, which for
or

ed

e
f

e
r-

ry
f
,
-

e
e

fs.
-

a-

t

laminar flows is an order of magnitude smaller than the sy
metric component, thei th contribution to the shear rate ten
sor. This accounts for neglect of the turbulent viscosity in
case of laminar flows.

As follows from Eq.~3.18!, inhomogeneity in fluid den-
sity would cause instability of the laminar type of fluid flo
and would lead to various types of turbulent flows in t
general case of large-scale inhomogeneous fluid syst
~which also are described by our theory!. In this respect fluid
flows in nanopores of several molecular diameters in wi
are a lucky exception, because turbulence cannot develo
such narrow channels. Thus we note that in the case
nanofluids the turbulent viscosity tensor is not of much i
portance.

The viscosity tensors for the nanofluid mixture can
recovered from Eq.~3.18! upon representation of the quas
hydrodynamic velocity of thei th mixture component in
terms of the quasihydrodynamic velocity of the nanoflu
mixtureu(q,v) and the diffusion velocity of thei th compo-
nent of the mixture,V i(q,v) @9#,

ui~q,v!5u~q,v!1V i~q,v!, ~3.23!

substitution of Eq.~3.23! into Eq. ~3.15!, substitution of the
obtained result into Eq.~3.18!, and summation of Eq.~3.18!
over the indexi running through the mixture component
The viscosity tensors of the nanofluid mixture emerge in
simple form

ĥ~q,v!5(
i 51

N

(
k51

N

ĥik~q,v!, ~3.24!

Ŵ~q,v!5(
i 51

N

(
k51

N

Ŵik~q,v!, ~3.25!

K̂~q,v!5(
i 51

N

(
k51

N

K̂ik~q,v!. ~3.26!

We note that even for homogeneous~bulk! fluid mixtures
Eqs. (3.24)–(3.26) do not reduce to a single summation
the tensorial viscosities of the mixture components.

D. Energy conservation equations and tensorial
thermal conductivities

Upon substitution of the results~3.3! and~3.4!, and usage
of approximations~3.1!, ~3.2! one can recover from Eq
~2.20! the energy conservation equation for thei th compo-
nent of the mixture in the form

2
3

2
kBni~q!ivdTi~q,v!1

]

]q
•Ji~q,v!

5 (
k51

N

$Ru
~ ik !~q,v!•uk~q,v!1RT

~ ik !~q,v!dTk~q,v!

1RS
~ ik !~q,v!:Ŝu¹n

~k! ~q,v!%, ~3.27!

where the thermodynamic sourcesR( ik)(q,v) are listed in
Appendix D and the fluxesJi(q,v) are given by the expres
sions
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Ji~q,v!5 (
a51

8

Jia~q,v!,

Ji6~q,v!5 (
k51

N

Ji6
~k!~q,v!dTk~q,v!,

Ji7~q,v!5 (
k51

N

Ji7
~k!~q,v!•

]

]q
dTk~q,v!,

Ji8~q,v!52 (
k51

N

Ji8
~k!~q,v!:

]2

]q]q
dTk~q,v!,

Ji1~q,v!5 (
k51

N

Ji1
~k!~q,v!•uk~q,v!,

Ji2~q,v!5 (
k51

N

Ji2
~k!~q,v!:Ŝu¹n

~k! ~q,v!,
Ji5~q,v!5 (
k51

N

Ji5
~k!~q,v!•:

]2

]q]q
uk~q,v!,

Ji4~q,v!5 (
k51

N

Ji4
~k!~q,v!:

]

]q
uk~q,v!,

Ji3~q,v!5 (
k51

N

Ji3
~k!~q,v!•:

]

]q
Ŝu¹n

~k! ~q,v!.

~3.28!

The Cartesian tensorsJg
(k)(q,v), g51, . . . ,6, from Eq.

~3.28! are listed in Appendix D, and the Cartesian tens
Ji7

(k)(q,v),Ji8
(k)(q,v) of the second and the third ranks, r

spectively, are
Ji7
~k!~q,v!5(

l 51

N H Fd i l I1
9~ml /mi !bil

5p@11ml /mi #
2 F2

~ i l !~q!G•l̂lk
~2!~q,v!1

48A2mk /mibii s ikl ibik

25p2s i i @11mk /mi #
3/2 dklF02

~ ik !~q!

1
16

15
Apbmll lt lh* ~q,v!nl~q!@L̂i l ~q!:P̂DTk

~ l ! ~q,v!#11
12

5
pl lt ll* ~q,v!nl~q!@M̂i l ~q!•Q̂DTk

~ l ! ~q,v!#1

2
9~ml /mi !s i l bil

10p@11ml /mi #
2 F03

~ i l !~q!•(
]l̂lk

~2!~q,v!

]q
2

18~ml /mi !s i l l lbil

5@11ml /mi #
2 t ll* ~q,v!F03

~ i l !~q!•(Q̂Tk
~ l !~q,v!I

1
64A2ml /mis i l

3l l

15@11ml /mi #
3/2 t lh* ~q,v!nl~q!F3

~ i l !~q!:P̂¹Tk
~ l ! ~q,v!2

32A2ml /mis i l
4l l

15@11ml /mi #
3/2

3F04
~ i l !~q!:(

]

]q
@t lh* ~q,v!nl~q!P̂¹Tk

~ l ! ~q,v!#1
2pA2ml /mis i l

4l l

@11ml /mi #
3/2 t lh* ~q,v!t ll* ~q,v!nl~q!

3F04
~ i l !~q!:(P̂Tk

~ l !~q,v!I J , ~3.29!

Ji8
~k!~q,v!5(

l 51

N H 2
12

5
pl lt ll* ~q,v!nl~q!Fd i l I1

9~ml /mi !bil

5p@11ml /mi #
2 F2

~ i l !~q!G•Q̂DTk
~ l ! ~q,v!2

9~ml /mi !bil s i l

10p@11ml /mi #
2 F03

~ i l !~q!•(

3l̂lk
~2!~q,v!•1̂41

54~ml /mi !bil s i l l l

25@11ml /mi #
2 F03

~ i l !~q!•(
]

]q
@t ll* ~q,v!nl~q!Q̂DTk

~ l ! ~q,v!#

2
32A2ml /mis i l

3l l

15@11ml /mi #
3/2 t lh* ~q,v!nl~q!F3

~ i l !~q!:P̂DTk
~ l ! ~q,v!2

32A2ml /mis i l
4l l

15@11ml /mi #
3/2 t lh* ~q,v!nl~q!

3F04
~ i l !~q!:(P̂¹Tk

~ l ! ~q,v!•1̂42
16A2ml /mis i l

4l l

15@11ml /mi #
3/2 F04

~ i l !~q!:(
]

]q
@t lh* ~q,v!nl~q!P̂DTk

~ l ! ~q,v!#J . ~3.30!
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The ik contribution to the second-rank Cartesian tenso
thermal conductivity immediately follows from Eq.~3.27!,

l̂ik~q,v!5Ji7
~k!~q,v!:1̂41

]

]q
•Ji8

~k!~q,v!, ~3.31!

and the second-rank Cartesian tensor of thermal conduct
of the mixture is

l̂~q,v!5(
i 51

N

(
k51

N

l̂ik~q,v!. ~3.32!

The analysis of flow dependence of the tensorial ther
conductivity of the nanofluid mixture is qualitatively th
same as that of the above tensorial viscosities. We note
on letting v→0, one can easily obtain the values of the
tensorial transport coefficients in the low-frequency lim
from Eqs.~3.24!–~3.26! and ~3.32!.
n

ts
f

ity

al

at
e

The above expressions for tensorial viscosities~3.24!–
~3.26! and thermal conductivity~3.32! generalize those for
bulk fluids @5# and pure inhomogeneous fluids@2,4#. The
complicated structure of these coefficients reduces to r
tively simple expressions if there is any spatial symmetry
the system~see examples in Refs.@1,2,4#!.

IV. DIFFUSION IN NANOFLUID MIXTURES

A. Diffusion velocities of the components

Together with Eq.~3.23!, Eq.~3.11! provides a recurrence
relation for the diffusion velocities of the components of t
nanofluid mixture. Further usage of the relations~3.1! and
~3.2! for approximation of terms on the right-hand side
Eq. ~3.11! and evaluation of the terms with the spatial gr
dients of the diffusion velocities on the left-hand side of E
~3.11! lead to the following form of this recurrence relatio
V i~q,v!52
3t id* ~q,v!

2s i i
2ni~q!

Apb

mi
H F ]

]q
•Pi1~q,v!1(

kÞ i

N 3&s ik
2 tkd* ~q,v!

@11mk /mi #
1/2skk

2 nk~q!
F2

ik~q!•S ]

]q
•Pk1~q,v! D G

1F (
k51

N S Pi2
~k!~q,v!1

]

]q
•Pi3

~k!~q,v! D •

]

]q
dTk~q,v!1(

kÞ i

N 3&s ik
2 tkd* ~q,v!

@11mk /mi #
1/2skk

2 nk~q!

3F2
ik~q!•(

l 51

N S Pk2
~ l !~q,v!1

]

]q
•Pk3

~ l !~q,v! D •

]

]q
dTl~q,v!G

1F (
k51

N S ]

]q
•Pi2r

~k!~q,v! D dTk~q,v!1(
kÞ i

N 3&s ik
2 tkd* ~q,v!

@11mk /mi #
1/2skk

2 nk~q!
F2

ik~q!•(
l 51

N S ]

]q
•Pk2r

~ l ! ~q,v! D dTl~q,v!G
2F (

k51

N

RTr
~ ik !~q,v!dTk~q,v!1(

kÞ i

N 3&s ik
2 tkd* ~q,v!

@11mk /mi #
1/2skk

2 nk~q!
F2

ik~q!•(
l 51

N

RTr
~ lk !~q,v!dTl~q,v!G

2F(
kÞ i

N 2A2mkmis ik
2 tkd* ~q,v!

@11mk /mi #
1/2nk~q!

Ami

pb
F2

~ ik !~q!•(
lÞk

N 3&s lk
2 ml

@11ml /mk#
1/2skk

2 F2
~kl !~q!•V l~q,v!G J . ~4.1!
he
i-

ion

the
In this expression the tensorial coefficients are those defi
by Eqs. ~3.12!, ~C1!–~C3!, ~C9!, and ~B1!, and the added
subscriptr means reduction of some of these coefficien
ThusPi2r

(k) (q,v) contains the first five lines of Eq.~C4! and
RTr

( ik)(q,v) consists of lines 1, 4, 6, 10, and 12 of Eq.~C9!.
The diffusion relaxation times are defined as

t id~q![
3Apbmi

2s i i
2 t id~q!, ~4.2a!

t id
21~q,v![(

kÞ i

N A2mk /mis ik
2

@11mk /mi #
1/2s i i

2 E dŝ nk~q

2s ikŝ!gik~q,q2s ikŝ!2
&s iw

2

s i i
2

ed

.
3E dŝ nw~q2s iwŝ!giw~q,q2s iwŝ!,

~4.2b!

t id* ~q,v!5
t id~q!

12 ivt id~q!
. ~4.2c!

B. Diffusion coefficients of the nanofluid mixture

In Eq. ~4.1! the first term in square brackets contains t
major contribution to the diffusion coefficients. The add
tional contributions can be found upon solving Eq.~4.1! by
iteration methods. The simplest trial solution of this equat
is the same expression as Eq.~4.1!, but without the last term
on the right-hand side. Such a zero approximation for
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diffusion velocity of thei th componentV i
0(q,v) can be sub-

stituted into the last term on the right-hand side of Eq.~4.1!
and supplies the first approximation for the diffusion velo
ity. Carrying on such step-by-step approximations, one
obtain a solution of Eq.~4.1! of any desirable accuracy
Upon thenth step of this iteration procedure the term co
taining the diffusion coefficient reads

~4.3!

where there aren terms with sums on the right-hand side
Eq. ~4.3!, and

V ik~q,v!5
3&mis ik

2 ni~q!

@11mk /mi #
1/2skk

2 nk~q!
tkd* ~q,v!, ~4.4!

V̂ik~q!5E dŝ nk~q2s ikŝ!gik~q,q2s ikŝ!@ŝŝ2 1
3 I #.

~4.5!

To extract an explicit expression for the diffusion tens
from the term~4.3!, (]/]q)•Pk1(q,v) must be related to the
gradients of the nonequilibrium densities of the compone
Such a representation follows immediately from the defi
tion of these quantities@see the second expression in E
~3.12!#, but the result obtained is not very useful because
expresses the diffusion coefficients in terms of the direct c
relation functions, which are not well known for inhomog
neous fluids. Another possibility is to rewrite the definitio
of Pi1(q,v) from Eq. ~3.12! in terms of the equilibrium
pressure of the inhomogeneous fluid mixture. Using a gen
alization to inhomogeneous fluid mixtures of expression~21!
from Ref.@12# for the functional of the pressure tensor of a
inhomogeneous fluid, one can derive the expression

Pi1~q,v!5E dq8(
k51

N H F dP~q!

dnk~q8!
U

b,n
G

~ i !

2
1

3b
ni~q!TrL ik~q,q8!J dnk~q8,v!I

2ni~q!E dq8E dq9(
l 51

N

(
k51

N H F dP~q9!

dnk~q8!
U

b,n
G

~ l !

2
1

3b
nl~q9!TrL lk~q9,q8!J dnk~q8,v!I . ~4.6!
-
n

-

r

s.
-
.
it
r-

r-

In this expression@dP(q)/dnk(q)ub,n# ( i ) denotes thei th con-
tribution to the Frechet derivative of the equilibrium pressu
of the inhomogeneous fluid mixture with respect to the eq
librium density of thekth component at fixed temperatur
and the equilibrium densities of the remaining compone
of the mixture. The notation Tr means the trace of a ma
and the quantityL ik(q,q8) is a complicated functional of the
equilibrium densities of the components, which depen
upon the equilibrium free-energy density and the struct
factors of the nanofluid mixture~see Ref.@12#!. Expression
~4.6! reduces further in the case of weakly inhomogene
fluid mixtures. For such mixtures the quantitiesL ik(q,q8)
can be neglected, the Frechet derivative of the pressure
respect to the kth component density reduces
@]P(q)/]nk(q)#d(q2q8), the second term in Eq.~4.6! be-
comes negligibly small, and the pressure itself can be writ
in the form

P~q!5(
i 51

N

(
j 51

N H ni~q!kBTFd i j 1
1

4p
bi j nj~q!

3E dŝ gi j ~q,q2s i j ŝ!G2
1

6
ni~q!nj~q!

3E
s i j ŝ

`

dr gi j ~q,q1r !F]f i j ~r !

]r
–r G ur u2J , ~4.7!

wheref i j (r ) is the attractive part of the intermolecular in
teraction potential specific toi and j components.

Using Eq. ~4.7! in Eq. ~4.6!, substituting the result into
Eq. ~4.3!, and extracting from Eq.~4.3! the contribution pro-
portional to the gradients of the nonequilibrium densities
the components, one can derive the following expression
the contribution to the diffusion velocity of thei th compo-
nent V i¹n(q,v) due to the gradients of the nonequilibriu
densities:

V i¹n~q,v!52
3

2s i i
2 Apb

mi

t id* ~q,v!

ni~q!

3 (
a51

N

D̂ia~q,v!•
]dna~q!

]q
, ~4.8!

where the second-rank Cartesian tensorD̂ia(q,v), a
51,2, . . . ,N, is given by the expression

D̂ia~q,v!5H Eia~q!1(
kÞ i

N

V ik~q,v!Eka~q!V̂ik~q!

1(
kÞ i

N

(
lÞk

N

•••(
j Þs

N

V ik~q,v!

3V lk~q,v!•••V js~q,v!Ej a~q!

3V̂ik~q!•V̂lk~q!•••••V̂js~q!J I ~4.9!

andEil (q) is

Eil ~q!5
1

b H d i l 1
1

2p
ni~q!bil E dŝ gil ~q,q2s i l ŝ)
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1
1

4p (
j

ni(q)nj~q!E dŝ
]gi j ~q,q2s i j ŝ!

]nl~q!

2
b

3
ni~q!E

s i l ŝ1q

`

dq9uq9u2q9•
df i l ~q9!

dq9
gil ~q,q9!

2
b

6 (
j

ni~q!nj~q!E
s i j ŝ1q

`

dq9uq9u2

3q9•
df i j ~q9!

dq

]gi j ~q,q9!

]nl~q! J . ~4.10!

The expression~4.9! defines the tensorial diffusion coeffi
cients of theN-component nanofluid mixture. The deviation
of the number densities of the components from the co
sponding equilibrium values, featured in Eq.~4.8!, are lin-
early dependent and related by the equation of state.
latter is unknown for a nonequilibrium state of the syste
However, as we already noted, near equilibrium the struc
properties of the mixture do not differ significantly from
those at equilibrium. Thus we can use the equilibrium eq
tion of state to express the linear dependent quan
dnm(q,v) in terms of the rest of the densities, pressure, a
temperature of the mixture. Thus it follows from Eq.~4.8!
that

V i¹n~q,v!52
3

2s i i
2 Apb

mi

t id* ~q,v!

ni~q! (
lÞm

N H D̂i l ~q,v!

2
Pl~q,v!

Pm~q,v!
D̂im~q,v!J •

r l~q!

r~q!

]dna~q!

]q
,

~4.11!

where

Pl~q!5(
i 51

N

Eil ~q!, ~4.12!

andm is the index of the linearly dependent density.
From Eq. ~4.11! it follows that the theoretical diffusion

coefficients of the nanofluid mixture are

@D̂i l ~q,v!#T5
3t id* ~q,v!r l~q!

2s i i
2ni~q!r~q!

Apb

mi

3F D̂i l ~q,v!2
Pl~q!

Pm~q!
D̂im~q,v!G .

~4.13!

The above diffusion coefficients are not linearly independ
and satisfy the condition

(
i

mini~q!@D̂i l ~q,v!#T50, ~4.14!

which follows from( i 51
N mini(q)V i(q,v)50. At v50 from

Eqs. ~4.13! and ~4.14! one can derive the frequency
independent diffusion coefficients of the nanofluid mixtur
e-

he
.
re

-
ty
d

t

C. Phenomenological definition of the diffusion coefficients

The phenomenological diffusion coefficientsD̂i l
p(q) are

defined by the expression for the mass flux of thei th com-
ponent,Ji

p(q),

Ji
p~q!5mini~q!V i~q!

52 (
lÞm

D̂i l
p~q!ml•

]nl~q!

]q
2D̂l

T~q!S ] lnT~q!

]q D ,

whereD̂l
T(q) is the thermal diffusion coefficient. A compar

son of this expression and Eq.~4.11! at v50 leads to the
relation

D̂i l
p~q!5

mi

ml
ni~q!@D̂i l ~q!#T , ~4.15!

where the definition~4.13! has been taken into account.

D. Diffusion coefficients for binary mixtures of nanofluids

In the case of weak inhomogeneity of the nanofluid m
ture the terms with sums on the right-hand side of Eq.~4.9!
can be neglected, and from Eqs.~4.9!, ~4.13!, ~4.2b!, ~4.2c!,
and~4.14! it follows that the theoretical diffusion coefficien
of the binary mixture@D̂12(q)#T at v50 is

@D̂12~q!#T5
4D12* ~q!n~q!bm2n2~q!

n1~q!*dŝ n2~q2s12ŝ!g12~q,q2s12ŝ!r~q!

3FE12~q!2
P2~q!

P1~q!
E11~q!G I , ~4.16!

where

D12* ~q!5
3A2pkBT

16ps12
2 n~q!Am12

, m125
m1m2

m11m2
.

From Eqs.~4.16! and ~4.15! one can derive the following
relation between the phenomenological diffusion coefficie
of the inhomogeneous binary mixture:

D̂12
p ~q!5Fm1P2~q!

m2P1~q!G
3Fn2~q!*dŝ n1~q2s12ŝ!g12~q,q2s12ŝ!

n1~q!*dŝ n2~q2s12ŝ!g12~q,q2s12ŝ!GD̂21
p ~q!.

~4.17!

In the particular case of a homogeneous binary mixture
expression reduces to

D̂12
p 5Fm1P2

m2P1
GD̂21

p ,

whereD̂12
p is the homogeneous reduction of the correspo

ing phenomenological coefficient~4.15! expressed in terms
of the theoretical diffusion coefficient~4.16! calculated for
the homogeneous mixture. This relation has been origin
derived in Ref.@13# for a homogeneous binary mixture o
hard spheres in the framework of the Chapman-Ens



ls
ro
ep
cti

o
v
o

ry
es
on
r-

ne

an

r
te
ive
b
rt
a

e

m
th

-
on

f
la

m
he
ss
e
o
s

p

nd
th
fo
a
iam
e-

th

e
dy

-
city
he
o-
port

nal
oxi-
e
are
-

for
e of
the

qs.

ar
-

u-
on
o-

el
en

nts
ce-
a
al
ory
e to
the
m

been

the
di-

by
l

ded
en-
e

f
s of
of

is
ow-
ic

be-
ain

rd-

o-
-

56 5385QUASIHYDRODYNAMICS OF NANOFLUID MIXTURES
method@9#. Here we have shown that the same relation a
holds for a binary mixture of any homogeneous fluids p
vided their intermolecular interaction potentials can be r
resented as a sum of hard-core repulsive and soft attra
contributions.

From Eqs.~4.9!, ~4.6!, and~4.3! it follows that the diffu-
sion coefficients of the nanofluid mixture depend strongly
the equilibrium pressure of the mixture, which in the abo
case depends explicitly on the attractive part of the interm
lecular interaction potentials@see, for example, Eq.~4.7!#. It
follows that the values of the diffusion coefficients are ve
sensitive to the approximation made for the equilibrium pr
sure of the nanofluid mixture. In this respect the diffusi
coefficients differ significantly from the viscosities and the
mal conductivity coefficients of such mixtures@Eqs.~3.24!–
~3.26! and ~3.32!#, which do not depend on the equilibrium
pressure explicitly.

V. SUMMARY

The transport theory presented above is a rigorous ge
alization to nanofluid mixtures of the approach@1–4# sug-
gested by the authors for pure inhomogeneous fluids
based on the rigorous development@1# of the Mori-Zwanzig
projection operator method. Although rigorous, this theo
remains tractable due to an advantage of dividing the po
tials of intermolecular interactions into hard-core repuls
and soft attractive contributions, suggested originally
Sung and Dahler@5# for homogeneous fluids. The transpo
coefficients derived in the framework of this theory have
simple and tractable structure that permits their further inv
tigation and evaluation.

The theory incorporates two basic assumptions. The
jor one is the neglect of the dynamic memory effects in
generalized Langevin equations~GLEs! used to derive the
kinetic equations~2.1!. The main contribution to the dy
namic memory effects comes from repeated core collisi
and is important for dense bulk fluids@5#. Nevertheless, the
success of the theory in calculating the shear viscosity o
pure dense fluid confined in slit pores of several molecu
diameters in width@3# suggests that such effects are not i
portant for fluids confined in narrow capillary pores. T
physical reason for this is that the confinement suppre
repeated core collisions of the fluid molecules, reducing th
mobility. However, in other applications such reduction
molecular mobility may not occur. Examples include sy
tems often considered in fluid mechanics~flow of colloid
mixtures, flows containing macroscopic and/or mesosco
particles, and flows of fine solid particles!, fluid-fluid inter-
faces, relatively large pores filled with colloid mixtures, a
membranes of living cells. In such cases the neglect of
dynamic memory effects may be approximately corrected
by adjusting the theoretical results to match simulation d
for mixtures of hard spheres of the same hard-sphere d
eters@5#. Analytic corrections for this effect can also be d
rived by incorporating the dynamic memory effects~which
are included into the GLEs of Ref.@1#! in the kinetic equa-
tions ~2.1! and developing the transport theory close to
lines presented above.

The second basic assumption of the theory is the us
the 13-moment approximation in deriving the quasihydro
o
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namic equations~Sec. III!. This can be alleviated, in prin
ciple, by expanding the basis set beyond the first 13 velo
moments of the singlet dynamic distribution functions of t
mixture components. However, it is well known that for h
mogeneous fluids more accurate estimates of the trans
coefficients at zero frequency, both in the conventio
Chapman-Enskog procedure and in the 21-moment appr
mation @9,14#, lead to negligibly small modifications of th
numerical values of the transport coefficients and these
proportional ton2b2g(s); the corresponding correction fac
tors are (1.016)21 for the shear viscosity and (1.025)21 for
the thermal conductivity. There is no physical reason
these correction factors to become much larger in the cas
inhomogeneous fluids. Thus we do not expect the use of
13-moment approximation to lead to large errors.

Calculation of the transport coefficients based on E
~3.24!–~3.26!, ~4.9!, and~4.13! requires data on equilibrium
distribution functions of the nanofluid mixtures, in particul
the number densitiesni(q), the contact values of their pair
correlation functionsgil (q,q2s i l ŝ), and the effective hard-
core diameterss i l calculated for the composite intermolec
lar interaction potentials. Such intermolecular interacti
potentials have to be obtained from more realistic interm
lecular interaction potentials~e.g., the Lennard-Jones mod
potentials! by means of the Weeks-Chandler-Anders
~WCA! @7# or Barker-Henderson~BH! @8# methods. The
WCA method supplies hard-core diameterss i l

WCA that de-
pend on the equilibrium number densities of the compone
and the temperature of the mixture, whereas the BH pro
dure leads tos i l

BH that depend only on temperature. From
dynamical point of view the differences between collision
encounters described by the model potentials of this the
and more realistic ones are small, so that it is reasonabl
account for such differences in the potentials by choosing
hard-core diameters to be functionals of the equilibriu
number densities and temperature of the mixture, as has
suggested in Ref.@5#.

In the case of the WCA choice of hard-core diameters,
present theory includes an assumption that the hard-core
ameters i l

WCA is the same for the local densitiesni(q),nl(q)
and ni(q1q8),nl(q1q8) when q8!s i l

WCA . Since the den-
sity dependence ofs i l

WCA is weak @7#, we believe this is a
good approximation. This consideration is also supported
the results of Ref.@3#. However, from a rigorous theoretica
point of view the above transport theory should be regar
as a zeroth-order theory with respect to the density dep
dence ofs i l

WCA , provided the WCA choice of the hard-cor
diameters has been used.

In order to avoid calculation ofs i l for every local set of
values ofni(q), i 51, . . . ,N, one can use the BH choice o
hard-core diameters, which do not depend on the densitie
the components or the density of the mixture. In the case
nanofluid mixtures confined in narrow capillary pores th
seems to be the best choice of the hard-core diameters. H
ever, for other systems, where the neglect of dynam
memory effects may require alleviation, the treatment
comes more complicated because it is not clear that the m
contribution to such memory effects is from repeated ha
core collisions only.

The above equilibrium distribution functions of the nan
fluid mixtures can be obtained by direct equilibrium com
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puter simulations. These results may be expressed in dim
sionless form and as such are valid for anys i l and ni(q).
Another possibility is to determine the distribution functio
by analytical means, using integral equations of equilibri
statistical mechanics or the density-functional theory. F
practical purposes direct computer simulation data seem
be more useful, as they should reflect the structure of a
ticular nanofluid system in greater detail.

Calculations of the diffusion coefficients given by Eq
~4.9!, ~4.13!, ~4.15!, and ~4.16! also require data on the de
rivatives of the equilibrium pair-correlation functions wit
respect to the component densities. These data can be
tained from the equilibrium molecular-dynamic simulatio
mentioned above. The spatial integrals on the right-hand
of Eq. ~4.10! can also be evaluated analytically upon det
mination of the pair-correlation functions of the componen

Several important aspects of the above theory have b
left for further investigations. This includes detailed stud
of the diffusion coefficients of nanofluid mixtures by no
n-

r
to
r-

.

ob-

de
-
.
en
s

equilibrium molecular-dynamics simulation. We also plan
consider further theoretical investigation of the pressure
pendence of the diffusion coefficients in the framework
Eqs. ~4.6! and ~4.8! for several particular cases. Finally, i
future studies we plan to derive analytic expressions for
thermal diffusion coefficients of nanofluid mixtures and
analyze the properties of the remaining transport coefficie
in the quasihydrodynamic equations~3.11!, ~3.27!, and~4.1!,
which do not have their immediate counterparts for bu
fluid mixtures.
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APPENDIX A: COEFFICIENTS IN EQS. „3.3…–„3.5…

The quantityP̂uk
( i )(q,v) is the following Cartesian tensor of the third rank:

P̂uk
~ i ![

mk /mi

11mk /mi
E dŝ nk~q2s ikŝ !gik~q,q2s ikŝ!@ŝŝ2 1

3 I #ŝ2d ik(
l 51

N
ml /mi

11ml /mi
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3@ŝŝ2 1
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The fifth-rank Cartesian tensorP̂Duk
( i ) (q,v) is defined by the equation

P̂Duk
~ i ! [
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The expression for the second-rank Cartesian tensorP̂Tk
( i )(q,v) is

P̂Tk
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2d ik
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The remaining Cartesian tensorsP̂¹Tk
( i ) (q,v) andP̂DTk

( i ) (q,v) are of the third and the fourth ranks, respectively, and are gi
by the expressions
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9p~mk /mi !s ik

4 t il* ~q,v!

8@11mk /mi #
2

3ĈQ
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In the above expressions and in Eq.~3.5! the coefficientĈQ
( i )(q,v) is the third-rank Cartesian tensor

ĈQ
~ i !~q,v![(
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3 I #ŝ12S s iw

s i i
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The quantityQ̂Tk
( i )(q,v) is the Cartesian three-vector

Q̂Tk
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The third-rank Cartesian tensorQ̂DTk
( i ) (q,v) is

Q̂DTk
~ i ! ~q,v![

~mk /mi !s ik
4

@11mk /mi #
2 E dŝ nk~q2s ikŝ!gik~q,q2s ikŝ!ŝŝŝ1 5

24t ih* ~q,v!ĈP
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The quantityQ̂uk
( i )(q,v) is the Cartesian tensor of the second rank defined by the expression

Q̂uk
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The third-rank Cartesian tensorQ̂¹uk
( i ) (q,v) is defined as

Q̂¹uk
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Finally, the fourth-rank Cartesian tensorQ̂Duk
( i ) (q,v) is given by the expression
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Q̂Duk
~ i ! ~q,v![

&s ik
2
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3/2 E dŝ nk~q2s ikŝ!gik~q,q2s ikŝ!@ŝŝ2 2
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~ i ! ~q,v!.

~A11!

In the above definitions of the tensorsQ̂( i )(q,v) we have used the third-rank Cartesian tensorĈP
( i )(q), which is given by the

expression

ĈP
~ i !~q![3E dŝ gii ~q,q2s i i ŝ!@ni~q!2ni~q2s i i ŝ!#ŝŝŝ22(
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N S s i l
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~A12!

APPENDIX B: DESCRIPTION OF ‘‘SMOOTHING’’ PROCEDURES

The following Cartesian tensors, vectors, and scalars have emerged upon derivation of the quasihydrodynamic equ
the Fourier transforms of the quasicontinuum variables from Eqs.~2.18!–~2.24! and ~2.24!:

C~ ik !~q!5ni~q!E dŝ gik~q,q2s ikŝ!nk~q2s ikŝ!ŝ@ŝŝ2 2
3 I #

1
s ik

2

]
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•F E dŝ ni~q!gik~q,q2s ikŝ!nk~q2s ikŝ!ŝŝ@ŝŝ2 2

3 I #G ,
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~ ik !~q!5ni~q!E dŝ gik~q,q2s ikŝ!nk~q2s ikŝ!ŝ@ŝŝ2 2
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C2
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F12
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F13
~ ik !~q!5ni~q!E dŝ gik~q,q2s ikŝ!nk~q2s ikŝ!ŝ@ŝŝ2 1

3 I #. ~B1!

In these expressions theŝ•••ŝ mean tensorial products of the unit vectorŝ by itself; m means the number ofŝ components
in these products; the indexk runs through the components of the mixture,k51, . . . ,N, and the confinement~walls! w; and
the indexi runs through the components of the mixture,i 51, . . . ,N.
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APPENDIX C: COEFFICIENTS IN EQS. „3.11… AND „3.12…

The tensorial coefficientsPia
(k)(q,v), a52, . . . ,6,9, which are included in the fluxesPia(q,v) on the left-hand side of Eq

~3.11!, respectively, can be expressed as follows. The second-rank Cartesian tensorPi2
(k)(q,v) is

Pi2
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where @T•••T#1 means that the left index of the tensorT•••T has to be convoluted with the nearest]/]q to the left; the
notation( means that the right index of the nearest tensor to the left of( has to be convoluted with the nearest]/]q to the
right of this sign. The explicit expressions for the Cartesian tensorsFik, Jik, andFik can be found in Appendix B. The 2mth
rank Cartesian tensors1̂2m are defined and discussed in Appendix D of Ref.@2#,

The Cartesian tensorsÂ andB̂ are defined by the expressions
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ŝŝŝ1

1

2
I PG ,

B̂ik~q!5
A2mk /mi

@11mk /mi #
2 E dŝ gik~q,q2s ikŝ!@ni~q!2~12mk /mi !nk~q2s ikŝ!#@ŝŝ2 2
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The second-rank Cartesian tensorPi3
(k)(q) has the form
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The quantityPi4
(k)(q,v) is the fourth-rank Cartesian tensor of the form
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The third-rank Cartesian tensorPi5
(k)(q,v) is
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~2!~q,v!#1

2s iw
2 dkl@Âi i
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The fourth-rank Cartesian tensorPi6
(k)(q,v) is given by the expression
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Finally, the fifth-rank Cartesian tensorPi9
(k)(q,v) is
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The tensorial coefficientsR( ik)(q,v) on the right-hand side of Eq.~3.11! are given by the expressions
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1
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RS
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In the above definitions the notation@T•••T#12 means that the two left indices of the tensorT•••T are convoluted with the
indices of the spatial gradients to the left of this tensor@either in the above expressions themselves or in Eqs.~3.11! and
~3.12!#, which are separated from@T•••T#12 with the convolution sign~s!. The Cartesian tensorsF( ik), J( ik), F( ik), andC( ik)

are defined in Appendix B.

APPENDIX D: COEFFICIENTS IN EQS. „3.27… AND „3.28…

The coefficientJi1
(k)(q,v) is the second-rank Cartesian tensor

Ji1
~k!~q,v!5kBTni~q!d ikI1
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where the second-rank Cartesian tensorL̂ik(q) is defined as

L̂ik~q!5
2A2mk /mis ik

2

Apbmi@11mk /mi #
3/2 Fni~q!E dŝ gik~q,q2s ikŝ!ŝŝ1s ik
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N s i l
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3/2 E dŝ nl~q2s i l ŝ!gil ~q,q2s i l ŝ!ŝŝ , ~D2!

and the Cartesian three-vectorM̂ik(q) is
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M̂ ik~q!5
s ik

2

5@11mk /mi #
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The third-rank Cartesian tensorJi2
(k)(q) is defined by the expression

Ji2
~k!~q!52
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]
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The definition of the fourth-rank Cartesian tensorJi3
(k)(q,v) is

Ji3
~k!~q,v!5
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~ ik !~q!. ~D5!

The third-rank Cartesian tensorJi4
(k)(q,v) is given by the expression

Ji4
~k!~q,v!5(
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The third-rank Cartesian tensorJi5
(k)(q,v) has the form
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The expression for the Cartesian three-vectorJi6
(k)(q,v) is

Ji6
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The coefficientsR( ik)(q) on the right-hand side of Eq.~3.27! are given by the expressions
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All notations in the above expressions are those of Appendixes B and C and of Secs. II and III. We note that the q
Ru

( ik)(q,v), RT
( ik)(q,v), andRS

( ik)(q,v) are the Cartesian three-vector, scalar, and the Cartesian second-rank tensor,
tively.

APPENDIX E: G TERMS IN EQS. „3.20…–„3.22…

The termsGS
(k)(q,v), GT

(k)(q,v), andGB
(k)(q,v) are the Cartesian tensors of the fourth and second ranks, respectivel

are defined by the expressions
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where+ denotes convolution with respect to the closest index of the tensorl̂4 .
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